We give explicit connections of quantum one-hole excited states to classical solitons for the onedimensional Bose gas with repulsive short-range interactions. We call the quantum states connected to classical solitons the quantum soliton states. We show that the matrix element of the canonical field operator between quantum soliton states with N − 1 and N particles is given by a dark soliton of the Gross-Pitaevskii equation in the weak coupling case. We suggest that the matrix element corresponds to the order parameter of BEC in the quantum soliton state. The result should be useful in the study of many-body effects in Bose-Einstein condensation and superfluids. For instance, we derive the superfluid velocity for a quantum soliton state. The experimental realization of trapped onedimensional atomic gases has provided a new motivation in the study of the effects of strong correlations in fundamental quantum mechanical systems of interacting particles [1] [2] [3] . Furthermore, localized excitations in quantum many-body systems such as in cold atoms and optical lattices have recently attracted much interest and have been studied extensively in terms of "quantum solitons" [4, 5] . Localized quantum states are important and useful for investigating quite complicated excited states of interacting quantum systems. However, it is not clear how we can construct or characterize quantum states associated with solitons for many-body systems. Originally, solitons are special solutions of some classical nonlinear partial-differential equations. It is not even trivial to see whether there exists a quantum state with a soliton-like density profile.
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The experimental realization of trapped onedimensional atomic gases has provided a new motivation in the study of the effects of strong correlations in fundamental quantum mechanical systems of interacting particles [1] [2] [3] . Furthermore, localized excitations in quantum many-body systems such as in cold atoms and optical lattices have recently attracted much interest and have been studied extensively in terms of "quantum solitons" [4, 5] . Localized quantum states are important and useful for investigating quite complicated excited states of interacting quantum systems. However, it is not clear how we can construct or characterize quantum states associated with solitons for many-body systems. Originally, solitons are special solutions of some classical nonlinear partial-differential equations. It is not even trivial to see whether there exists a quantum state with a soliton-like density profile.
Let us consider the Gross-Pitaevskii (GP) equation which describes Bose-Einstein condensation (BEC) in the mean-field approximation [6] . We also call it the classical nonlinear Schrödinger equation, since it corresponds to the classical limit of the quantum nonlinear Schrödinger equation satisfied by the canonical Bose fieldψ(x, t) for the one-dimensional Bose gas interacting with the deltafunction potentials. Here, the system is called the LiebLiniger (LL) model [7] . The GP equation has dark soliton solutions for the repulsive interactions, while it has bright soliton solutions for the attractive interactions [8] . It was conjectured that dark solitons are identified with Lieb's type-II excitations as an excitation branch [9] . However, it has not been shown how one can construct such quantum states that are related to solitons or what kind of physical quantity can show a property of solitons for some states. In fact, each of the type-II eigenstates has a flat density profile, since the Bethe eigenstates are translationally invariant. Here we remark that for the attractive case, bright solitons are analytically derived from some quantum states of the LL model [10] .
In this Letter we demonstrate that quantum states which are tightly connected to classical solitons are constructed from the Bethe eigenvectors of the LL model. We call the states the quantum soliton states. Let us denote by ψ QS (x) the matrix element of the field operatorψ(x, t) between two quantum soliton states where one state has N − 1 particles and another N particles. We show that the matrix element ψ QS (x) is well approximated by the classical complex scalar field of a dark soliton of the GP equation in the weak coupling case. We suggest that the matrix element ψ QS (x) corresponds to the order parameter of BEC in the system with a large but finite number of interacting particles in the weak coupling case. The result should be fundamental in the study of many-body effects in BEC and superfluids. For an illustration, we derive the superfluid velocity from the phase profile of the matrix element ψ QS (x).
We give remarks. First, superposing Lieb's type II excitations, i.e. one-hole excitations, we construct the quantum soliton states [11] , which have broken translational symmetry. The Bethe eigenstates are translationally invariant, while their superpositions are not, in general. Secondly, we show that the amplitude and phase profiles of quantum soliton states are consistent with those of corresponding solitons of the GP equation. Although the density profile with a density notch has been derived for a quantum soliton state [11] , the connection to solitons has not been shown, yet. Thirdly, it is not a priori clear how valid the mean-field approximation is for the quantum soliton states. The exact wavefunctions given by the Bethe ansatz consist of a large number of terms such as N !. However, evaluating the matrix element ψ QS (x) we identify it as the order parameter of BEC.
Let us consider the Hamiltonian of the LL model [7] :
Here the periodic boundary conditions (P.B.C.) of the system size L are assumed on the wavefunctions. Hereafter, we consider the repulsive interaction: c > 0. The LL model is characterized by a single parameter γ := c/n, where n = N/L is the particle density. We employ a system of units with 2m = = 1, where m is the particle mass. The second-quantized Hamiltonian of the LL model is written in terms of the canonical Bose field ψ(x, t) as
where µ is the chemical potential. The Heisenberg equation of motion is called the nonlinear Schrödinger equation: i∂ tψ = −∂ 2 xψ + 2cψ †ψψ − µψ. In the LL model, the Bethe ansatz offers an exact eigenstate with an exact energy eigenvalue for a given set of quasi-momenta k 1 , k 2 , . . . , k N satisfying the Bethe equations for j = 1, 2, . . . , N :
Here I j 's are integers for odd N and half-odd integers for even N . We call them the Bethe quantum numbers. The total momentum P and energy eigenvalue E are written in terms of the quasi-momenta as P =
If we specify a set of Bethe quantum numbers I 1 < · · · < I N , the Bethe equations (3) have a unique real solution k 1 < · · · < k N [12] .
Let us formulate quantum soliton states [11] . We shall show throughout the Letter that they lead to dark solitons of the GP equation. In the type II branch, for each integer p in the set {0, 1, . . . , N − 1}, we consider momentum P = 2πp/L and denote by |P, N the normalized Bethe eigenstate of N particles with total momentum P . The Bethe quantum numbers of |P, N are given by I j = −(N +1)/2+j for integers j with 1 ≤ j ≤ N −p and
For each integer q satisfying 0 ≤ q ≤ N − 1 we define the coordinate state |X, N of X = qL/N by the discrete Fourier transformation:
The density profile of the quantum soliton state, X, N |ψ † (x)ψ(x)|X, N versus x, is plotted in Fig. 1 . It is denoted by "Many-body". Here we have set the coordinate integer as q = 0, and the density notch is localized at x = L/2. The expectation values of the density operator are effectively calculated [11] by the determinant formula for the norms of Bethe eigenstates [13] and that of the form factors of the density operator [14, 15] . The classical complex scalar field of a dark soliton solution for the GP equation with P.B.C.,
, is derived by assuming the traveling-wave solution: ψ(x, t) = ψ MF (x − vt). Here we note that the periodic soliton solutions of the GP equation are expressed in terms of the elliptic integrals [5] . We also note that the excitation mode has the largest velocity v c , which we call the critical velocity: there is no soliton solution with v > v c [5, 8, 9] . In the LL model, the critical momentum p c = mv c corresponds to the Fermi momentum 2k F .
The density profile of the quantum soliton state and the square-amplitude profile of a classical dark soliton with P.B.C., |ψ MF (x)| 2 , agree quite well in the weak coupling case c ≪ 1, as shown in Fig. 1 . Here we have set v ≃ v c /2 for the dark soliton, and its profile is denoted by "Mean-field".
We suggest that the soliton velocity v ≃ v c /2 is consistent with the construction (4) of the quantum soliton state. Each of the type II excitations in the range 0 ≤ v ≤ v c is superposed with equal weight, so that we have the average value v ≃ v c /2. It looks like a wave packet of the type II excitations.
Let us consider the matrix element of the field operator between the quantum soliton states
where P = 2πp/L and P ′ = 2πp ′ /L denote the total momenta of the normalized Bethe eigenstates |P, N and |P ′ , N , respectively. We put q = 0 in eq. (5). The matrix element P ′ , N − 1|ψ(0)|P, N are evaluated effectively by the determinant formula for the norms of Bethe eigenstates [13] and that for the form factors of the field operator [15] [16] [17] as
where the quasi-momenta {k 1 , · · · , k N } and {k 
The matrix G(k) is the Gaudin matrix, whose (j, ℓ)th
. The matrix elements of the (N − 1) by (N − 1) matrix U (k, k ′ ) are given by
The profiles of the squared amplitude |ψ QS (x)| The second terms of the right hand side of (8) give corrections to |ψ QS (x)| 2 , and the integral of |ψ QS (x)| 2 with x over the whole region is smaller than the particle number N . We observed numerically that the correction terms become small as the coupling constant c decreases if we fix the particle number N , while they increase as N increases if c is fixed. In the large N case, the correction terms should be small if the value of c is small enough. We thus conclude that the matrix element ψ QS (x) is well approximated by the periodic dark soliton ψ MF (x) in the weak coupling case.
We suggest that the soliton velocity v ≃ 2π/L corresponds to the difference between the average values of the total momenta of the quantum soliton states |X, N and |X, N − 1 . It is consistent with the structure of the matrix element X, N − 1|ψ(x)|X, N .
We now argue for the claim that the matrix element ψ QS (x) gives the order parameter of BEC in the quantum soliton state |X, N for the weak coupling and large-N case. Here the system size L is also very large since we set n = N/L = 1. We denote by ρ 1 (x, y) |Ψ the one-particle reduced density matrix for a given state |Ψ : ρ 1 (x, y) |Ψ = Ψ|ψ † (x)ψ(y)|Ψ . We now conjecture that the matrix element ψ QS (x) satisfies the relation: ρ 1 (x, y) |X,N ≃ ψ * QS (x)ψ QS (y) for |x − y| ≫ 1. We call it conjecture A. Here we assume that the system size L is much larger than the healing length l c = 1/ √ cn. For instance, ℓ c = 10 for c = 0.01 and n = 1.
Suppose that the one-particle reduced density matrix ρ 1 (x, y) |Ψ for a given state |Ψ is diagonalized as
For the ground state we can numerically show that for small c the largest eigenvalue n 0 of ρ 1 (x, y) is much larger than the other eigenvalues: n 0 ≫ n i for i = 0, i.e. the existence of BEC [11] . For the state |X, N it could be technically nontrivial to diagonalize ρ 1 (x, y) |X,N numerically. However, instead of doing it we point out that conjecture A is consistent with the following observation:
The quantum soliton state |X, N − 1 is dominant among the intermediate states in the expansion (8) . Here, we estimate the fraction of the correction term from the difference between the local density at x for the state |X, N and the squared amplitude |ψ QS (x)| 2 , and it is small for small c and large N . Moreover, from the difference we estimate the condensate depletion, i.e. the fraction of the non-condensate components. It should have the largest values for x = y, since the local density at x gives the diagonal element of ρ 1 (x, y) |X,N with x = y.
We therefore conjecture that for small c and large N the order parameter √ n 0 χ 0 (x) of the quantum soliton state |X, N is given by the matrix element ψ QS (x), which is well approximated by the periodic dark soliton ψ MF (x) with v ≃ 2π/L. Here, the order parameter √ n 0 χ 0 (x) has been defined by eq. (9) for |Ψ = |X, N . In terms of BEC we have connected the dark soliton ψ MF (x) with v ≃ 2π/L to the state |X, N . It was not trivial to specify the soliton velocity v.
Let us now derive the superfluid velocity for a quantum soliton state |X, N . For large N such as N = 500, the phase field is fitted by θ(x) = πx/L − πH(x − X − L/2), as shown in the lower panel of Fig. 3 . Here H(x) denotes Heaviside's step function: H(x) = 1 for x ≥ 0, and H(x) = 0 otherwise. Numerically we observed that the phase profile does not depend on the value of c for large N and small c. We derive the superfluid velocity from the phase field of the macroscopic wavefunction, θ(x), by v s = 2( /2m)(dθ/dx) [18] . For large N we thus have
The superfluid velocity v s has a singularity at the location of the soliton, and is consistent with the soliton velocity v ≃ 2π/L. The finding in the Letter suggests several possible future researches in quantum dynamics such as the collision of two quantum solitons, which is nontrivial in the dynamics of interacting quantum systems [19] .
In conclusion, in order to prove that the quantum states |X, N constructed in (4) for the 1D Bose gas are closely connected to classical solitons, we have shown the following two points: First, the density profile of the state |X, N is consistent with the profile of the squared amplitude |ψ MF (x)| 2 of the periodic dark soliton of the GP equation with v ≃ v c /2. Then, the matrix element of the Bose field operator, ψ QS (x) = X, N − 1|ψ(x)|X, N , coincides with the classical complex scalar field ψ MF (x) of the dark soliton of the GP equation under P.B.C. with v ≃ 2π/L. The agreement is good for small c. Furthermore, we suggest that the matrix element ψ QS (x) gives the orer parameter of BEC in the quantum soliton state |X, N for small c and large N .
